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ABSTRACT

Failure in precast waffle slabs can be attributed to factors like analytical error, poor
handling during transportation and placement which factors often lead to partial/total failure of
slabs. The conventional method of analysindfieaslabs focuses on the ribs, while the slab
portions at the top are avoided. This has led to under reinforcement and subsequent failure of the
slab portions that are usually in direct contact with loads. In this study, a method that
incorporates both thslab and rib portions in the analysis of-past waffle slabs was therefore

developed.

Yield Line and Rankine Grashoff Theories (YLRGT) were combined for the analysis of
precast waffle slab. Six physical models of waffle slab were deeelpeach having five
replicates, with the following dimensions: W1 (1353 x 430 x 58 mm), W2 (900 x 300 x 50 mm),
W3 (1085 x 430 x 58 mm), W4 (407 x 364 x 50 mm), W5 (1312 x 300 x 58 mm) and W6 (860 x
360 x 50mm). Solid slabs of the same size and numlsgraded S1, S2, S3, S4, S5 and S6
served as control. These models were validated using the slabs by testing for failure loads,
deflections and crack width. Each slab was subjected to incremental load of 1.0 kKN until failure
occurred. Maximum bending montsrwere obtained for slab and rib portions using YLRGT, a
finite element based method call&@ABS was also used to analyse the slabs and results

obtained were subjected to statistical analysis using ANOVA at p= 0.05.

The YLRGT analysis ofhte various physical models (slab portion, transverse and
longitudinal ribs) yielded the following bending moments: W1 (5526.0, 34.5, 918.3) Nm, W2
(1122.0, 279.2, 36.5) Nm, W3 (2880.0, 27.2, 619.9) Nm, W4 (590.0, 171.9, 160.9) Nm, W5
(947.0, 37.0, 4.4) Nmand W6 (1276.0, 90.4, 36.2) Nm respectively. The ETABS combined both
slab and ribs givingv1 (4729.0) Nm, W2 (581.0) Nm, W3 (3338.0) Nm, W4 (733.0) Nm, W5
(851.0) Nm and W6 (686.0) Nm. Deflections at failure for waffle slab were smaller compared to
solid dabs: (W1 = 1.19 and S1 =3.56) mm, (W2 = 3.64 and S2 =9.28) mm, (W3 = 3.90 and S3
=7.44) mm, (W5 = 8.17 and S5 =12.18) mm, (W6 = 3.29 and S6 =3.89) mm with the exception
of W4 (6.60 mm) and S4 (6.44mm), where deflection of waffle slab was higher thar siofit
slab. Mean deflection of S1 was significantly higher than W1, while S2 was significantly higher



than W2. Average crack width for waffle (0.48 mm) and solid slabs (0.99 mm) were significantly

different. High crack width in solid slab indicated lavebear strength.

The Yield Line and Rankine Grashoff Theories have facilitated the accurate analysis of
pre-cast waffle slabs by separating the slab and rib portions.
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CHAPTER ONE
INTRODUCTION

1.1Background
Reinforced concrete slabs are one @& thost commontgictural engineering elements.
They are used as floors and rqdfs carry vertical loadsni structures such dsiildings
and bridgesA slab ispart of a reinfored concrete structure which e$ten subjectedo
bending (tensile or compr&se) but in rare cases, subjected to shear, such as a bridge
deck. In most cases, slabs are horizontal members but they casetbeas vertical
members, suckas walls, to infill panels, side tdrains and sewers appurtenances
(Oyenuga, 2001).

Thevarioustypesof slabs include:
@) Solid slab,

(b)  Ribbed slab,

(c) Flat slab and

(d)  Waffle slab

The type to be preferred may depend on

0] span of the slab

(i) use of the space which may determine the span
(i) load to be carriecand

(iv) architecturalaestheticshat isrequired.

Most of the researds cariied out on vyield line theory haveasically been on
solid slals with little or no research on waffle slabs. According to Mosalam and Naito
(2002), a limited number of experimental studies exist in the literatureecong
waffle slabs.

Waffle slab hasts genesis in a rather thick sekthb floor from which the bottom
layer concrete in tension is partially replaced by their ribs along orthogonal directions.
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The ribs are reinforced with steel to resist flexteasilestressesThe dimensions and
spacing of ribs are decided in a manner so as to achieve better load distribution without
requiring the shear reinforceme(ftrasacet al 2005)

Walffle slabs are generally employed in large span slabspaass become larger
still, the required slab thkmess for the flat plate and flat slab increases to the point
where the slab may be unable to carry its own weight. A solution to this is to provide
thickness so that reinforcement can be placed in a meatlggeater depth, but remove
concrete from regions of the slab not required for strefigtinda, 2003) It is an
extension of the ribbed floor slab in which thebsis ribbed in two directionsHence,
an inverted potike hollow is formed which servesdhe ceiling for the lbor below,
(Figure 1.1.).Waffle slabs are all concrete. The inverted-lda shape is formed
through the use of a special mould. When compared with the conventional solid flat
slab construction, waffle slabs allow a ciolesable eduction in deatbad;can support
heavyloads over a long span (Daniel and On2@09. It is commonly used in parking
garages of tall buildings with ramps and also in imdaisfacilities andwarehouses
(Buildings, 2005) and meet fire praod requiremats (Sadusky, 200&enichi and Aj
2005. Also, it has the advantage of medium to long span, light weight, economical in
material usage and profiles may be expressed archiaégtor used for heatransfer
(The concretecentre 2006). This slab is usugl employed for architectural and
structural reasons fdarge rooms such as auditqrigestibules, theatre halls, show
rooms of shops where colunfiree-space is often the manequirement (Krishna Raju,

1988.
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Figure 1.1: Detailed view of a waffle slab floor

According to Howard anéiansen 2002), wafflefloors are used extensively in

semiconductor factories as they provide high impedance mounts for manufacturing

equipment that iextremely vibrationsensitive.Also it has been used for cooling
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towers, storageéanks, communication sheltersarbers and retaing walls, artificial
reefs, lilding walls, hybrid columns and beaifWaffle-Crete international009).

Deflection orfailure in slab can occur due to some factors like overloading,
underreinforcement and poor spaepth ratio. Under overloading, failure of a slab
will occur when the reinforcement yields first in a region of high moméwsording
to Wanget al (2003, when concretes under triaxial compressive loading, both its
strength and ductility will have a significant increase as a result of resistance to the
compressive force by the concrete materials (moleculesiplly, at service load, the
response of alab is elastic with maximum stestressand deflection occurring at the
centreof the slab. At this stage, it is possible that some hairline cracking will occur on
the suffix where the flexural tensile capacity of the concrete has been exceeded at mid
spa. Increasing the load hastens the formation of these hairline cracks. Further
increment of the load will increase the size of the cracks and induce yield of the
reinforcement, initiating the formation of large cracks emanating from the point of
maximum déection (Kennedyand Goodchild 2004).This portion acts like a plastic
hinge. On increasing the load furthéne hinging region rotates plastically and the
moments due to additional loads are redistributed to adjacent settienspncrete
section athe position of a yield line is incapable of carrying any further loadsing
them tocollapse (Thompsoand Hywood, 1986Macgregor, 1997).

Yield line theoryinvestigates failure mechanism at the ultimate limitestadoes
not deal with servicedlily issues such as deflectiqrer se. Nonetheless, deflection
can be dealt with by simple formulae based on yield line moment (Kensedy
Goodchild 2004). The basic assumption of the yield line theory is that a reinforced

concrete slab, similar to aktinuous beam or frame of a perfectly plastic material will
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develop yield line hinges under overload, but will not collapse until a mechanism is
formed (Dunham,1964) hetheory also permitthe prediction of the ultimate load of a
slab system by postulag a collapse mechanism which is compatible with the
boundary conditions (Buyukozturk 2004Yield-line analysis isseen as a useful
technique to determine the collapse load of slabs (Johat®&8). The band in which
yielding has occurred are referredas yield lines which divide the slab into a series of
elastic plates.

The use of yield line analysis requidesowledge of the plastic flexural capacity
of the slab, and the results serve as an upper bound on the ultimate load of the system.
The resllts of yield line analysis for a given slab are either correct or too high and are
highly dependent on proper selection of a failure mechanism (Park and Gagog

The Rankine Grashoff theory of equating deflections at the junction®oii
used for the analysis of ribbed or grid flooffie method considers the load in a slab

and distribute to all the ribs along both the longitudinal and transverse directions.

1.2  Aim and Objectives
The aim of this work was to develop a methdawmalysing precast waffle slab$

different sizes, under various support conditions.

The objective®f this studyareto:

i. Apply Yield Line and Rankine Grashoffheories(YLRGT) to waffle dabs subjected
to axial loading.

ii. Determine the structuraharacteristics of waffle slabs

iii. Developa computerbasedmethodcalled YLRGT for the analysis and design of
waffle slabs.

iv. Validationof the program developed.
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1.3  Justification
Structural failure in building was attributed to bothheical and human errors by

Carper (1998). He listed some causes of failure in civil engineering structures to
include: programming deficiency, site selection and site development errors, design
errors, construction errors, material deficiencies, and apeehterrors. Of all the
cawses mentionedhe programming and design errors were the main problems that this
study has tried to look at apdoffer appropriate solutions

Yield line design leads to slabs that are quaokl easy tdandle The resulting
slabs arelight and have very low amounts of reinforcement in vergular
arrangements. Above alligid line design generatezonomicconcrete slabs, because
it considers failures at the ultimate limit stg§kennedy and Goodchild, 20043ince
waffle slabis considered to beconomial due to is reduced concrete volume, if
compared with solid slab¥ield line theory vill be applied in order tanvestigateits
structural response to load.

In most of theworksthathavebeencarried out on wafflelabs, it wasonly the

ribs that wee analysed with the provision of adequate reinforcements, but the slab
portion has ofterbeingleft unanalysd. Most desigrs simply providedwire meslesfor
the slab portionMosley et al (1999 simply adopted 12%of the cross section area of
the slabportionas wire mesh reinforcementdowever,this methodhas been found to
be adequate for slabs that are cassitni only, since they ar@ot subjected tthe same
eccentricforcesgenerated aareault of lifting and transportation gfrecast waffle slab
from the manufacturing plant to the sila somefactories whergrecastwaffle slabs

are manufactured usirgire mesh in the slab portionthe precast slabs veesubjected
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to both hogging @d sagghg moments which resultemhto cracks and swoe times
outright failuresduring loading and placement

Considering theproblemsof precast with wire mesh reinforcements, it became
necessary to subject the loading conditions to further investigatThis study
therefore developed a method¥(RGT) which is basedon yield line and Rankine

Grashoff theoriesf analysis to providadequate reinforcements for the precast slab.

1.4 Scope of the &udy
Six waffle slabs we modelled as W1, W2, W3, W4, W5 and W6, in this

research work. Six solid slabs of the same shape and size as the latmelet$ S1, S2,
S3, S4, S5 and S6, were constructed to serve as control to the nBadlelsne way
andtwo-way slabs with simple support: four, threeand twosides respectivelyere
investigated The abovespecimensvere usal to determine and compare deflection,
crack width and tla load bearing capacities dth waffle and solid slab The
computer progrardeweloped (YLRGT)was used to detarine thebending momentsf
both types of slab. The models were tested at the Department of Mechanical
Engineering laboratory dfhe Polytechniclbadan Oyo state

1.5 ProblemsEncountered

(i.) The inability of the universal tensile machine to stopvary incremental load of

1 kN made the reading of the crack width difficult at this intervahce the crack widths
weremeasured at failure loadnly.

(ii.) The noravailability of crack meter or a crack detective microscope led to the use of
a Verner caliper in determining the crack widthf all the models.

CHAPTER TWO
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LITERATURE REVIEW
2.1 History of Reinforced Concrete

Concrete is a matial used in building construction, consistioighard, chemically
inert particulate substangésiown as aggregasdhat is bondé by cement and water.

The Assyrians and Babylonians used clay as the bonding substance or cement.
The Egyptians used limand gypsum cement. In 1756, British engineer, John Smeaton
made the first modern concrete (hydraulic cement) by adding pebbles agsa coa
aggregate and mixing powderbdck into the cement. In 1824, English inventor, Joseph
Aspdin invented Portlandemen, which has remained the dominant cement used in
concrete production. Joseph Aspdin created the first true artificial cement by burning
ground limestone and clay together. The burning process changed the chemical properties
of the materials anlle createdcement strongerthan what using plain crushed limestone
would produce.

The other major part of concrete besides the cemmahie aggregate which
include sand, crushed stone, gravel, slag, ashes, burned shale, and burned clay. Fine
aggregat (fine refers to the size of aggregate) is used in making concrete slabs and
smooth surfaces. Coarse aggregate is used for massive structures or sections of cement.

Concrete that includes imbedded metal (usually sieeballed reinforced
concrete or ferroconcrete. Réorced concrete was invented 1849 by Joseph Monier,
who received a patent in 186HMe was a Parisian gardener who made garden pots and
tubs of concrete reinforced with an iron mesh. Reinforced concrete combines the tensile
or bendable strength of metal and the compressional strength of concrete to withstand
heavy loads. Joseph Monier exhibited his invention at the Paris Exposition of 1867.
Besides his pots and tubide promoted reinforced concrete for use in railway tiesegip

floors, arches and bridgeBdllis, 2009.
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Since the strength of concrete in tension is very poor, this disadvantdme& t#nsile
strength was overooe by the introduction of einforcement. Hence; the name

O0Rei nfomacreat €C6 (2608.] agopal an

2.2 Analysis of Waffle Slabs
The exact argsis and design of waffle slals complex, therefore designers

adoptedsimple procedure based on the use ofapercoefficients to distributthe load

in both directions, with thassumptiorthat the mometnon parallel ribs in one direction

are equal (AbdeKarim and Mahmood2006). This type of assumptiois not so
reliable because so many parameters are left unconsidered during analysis. According
to AbdelKarim and Mahmood (2006), the stiffnesses of lleams on which the ribs

are supported are not taken into consideration in distributing the moments along the
different parallel ribs in each direction, and this is a disadvantage tedtksof such
analysis.

In theanalysis of waffle slafy Oyenuga (2001)sed the coefficient for twavay
spanning solid slabs in the BS &lpart 1(1997) code. The analysiensidered the
pot/hollow dimensins of the waffle slabs which provisions were madfor top and
bottom reinforcements dhe ribs only Mosleyet al(1999) desigada waffle slab for a
panelin whichthe ribs were desigmla s Ta & e. Adequéernreinforcements were
provided and thedeflection of the ribs was also determdnéHowever there was

provision forminimum reinforcements the slabportion

Rahmaret al (2010), used a-B strutand tie model t@nalysewaffle slab, the
thickness of the bottom tie, vertical ties, inclined strut and Inoal@es at bottom were

taken as the thickness of the waffle ribs. Thickradsthe t@ strut and nodal zones at
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top was taken as the effective width of top slab aves less than or equal to the rib
spacing. It was observed from theork that the ribs were wedinalyse using the strtd

and tie model method, while the slab partiwasnotanalysed

2.3 Analytical Procedures

Different analytical methods hdmken developed in the past in ordersolve the
problem of analysis of waffle slabAccording to Prasaet al (2005),waffle slabswere
generally analsed using the finite element methodgrid or grillage analyss and

orthotropic plate theory

2.31 Finite element method
The Finite Element Mthod (FEM) is based on the division of the structures into

small pieces (elements) whdsehaviars areformulated to capture the lochéhaviar

of the structure. Each el ementds definition

location in the structure, and relationship with surrounding elements. These elements

can be in the form of line elements, twonginsional elements and thréenensional

elements to represent the structure. The intersection between the elements are called

nodal points inone dimensional problems, whii@ two and three dimensional

problems they are called nodal line and nodalnga respectively (Mahg2007). At

the nodes, degrees of freedom (which are usually in the fornthe nodal

displacements anar their derivativesstresgs, or combinations of these) are assigned.
Models which use displacements are caltksplacenents models and some

models usestresgs defined at the nodal points @known Models based ostresgs

are called force or equilibrium models, while those based on combination of both

displacements anstresgs are termed mixed models gtohid models (Beckettl973).
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The mathematical assemblage of these elements into the complete structure allows for
automated computation of the response of the entire structure. With finite element
method, the entire floor can bhealyzed at once

Aalami and Kely (2001), used FEM to analyze waffle slab, and twptions
wereadopted The first option was the moldieg of the floor system with each waffle
represented by its true geometry. Alternatively, the waffle stems were lumped together
andpositiored along the lines of suppowithout changing tharea, moment ahertial
and section modubf the structure. Theesult of the analysis wamparé with two
other methods, namely theingple Frame Mthod (SFM), ad Equivalent Frame
Method (EFM) It wasconcludedhat EFMwas a refinement ahe SFM and that both
methods wee approximate. The degree of approximation depends on the extent to
which a floor system deviates from a uniform, orthogonal support layout and constant
slabthickness

Althoughboth the EFM and SFMave safe solutiongheyare notasreliableas
the FEM The study concluded that since the selection of load path is a prerequisite for
the design of a concrete floorsing the FEM was able to prove that the e of
load path and analysis of the slab can be automated and give satisfastdty. This
method needs more time and efforts in nitbalg than the grillage. The results obtained
from theFEM depend on the mesh size, lwytoptimizing themesh, theesults of this
method are considered more accurate than grillageFEMis a weltknowntool for
the solution of complicated structural engineering problems, as it is capable of
accommodating many compiées in the solution. (Maher, 20D7

Tiedmanet al (1993) showedhat FEMis a numerical method with powerful

technique for solution of complicated structural engineering problems. It most predicted
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accurately the bridgbehaviourunder truck axle loadQuaqish(2005) presentethe
effect of skew angle on distribution of bending moments in bridge slabs E&NY
and tre results wergery reliable.

According to Bakht and Jaeger (1985), the finite elemetihodehas a number
of advantages. These include the abilityrtodel irregular shaped bodieomposedf
differentmaterials handle general loadg and differenkinds of boundargonditions

2.3.2 Grillage analysis
This method is commonly used in the analysis of bridge decks. In this method

the deck is remsented by an equivalent grillage of beafise orientationof the
longitudinal members shoullwaysbe parallel to the free edges whilee orientation

of transverse members can be either parallel to the supports or orthogdhal to
longitudinal beams(Maher, 2007). The method can be used to consider boundary
conditions in wafe slab analysis, in which théwear force and bending moments are
determined (Leeet al, 2006). The grillage numerical method has gained incréase
popularity in the static and dgmic analysis of plate structures (Zextgl 2007).

West (1973) reported a studwhere 53 models and fedized bridges were
compared. The work recommended the use of grillage analysis for slabs and pseudo
slabs bridge decks. Tat d. (1998) reportethat the accuracy, simpitg and speed of
grillage analysisnake it the most suitadimodel for bridge analysislt was found that
the results obtained from grillage analysis compared with experiments and more
rigorous method is accate enough for design purposes (Maher, 2007).

Zenget al (2007)in their work ongrillage analysis of skewedridgeswere
able to developsome governingequations of motion for transverse and torsional

vibration of the bridge deck as folis:
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Where

w(x,H) a n,Baredhe transvee and torsional displacements

El and GJ are thigexural and torsional rigidity

} and A are the mass densdgdcross sectional area, Is the mass momme of inertial
per unit length

a(x,t) and ngx,t) are the external transverse der (including bending moment) and
torsional moment per unit length, applied at the nodes.

The effective flexural or torsional rigidity of a grillage element is equivalent to the

corresponding rigidity of the strip of the plate,

El = bD,
D = ER*/12(1-¢%)
GJ=bD,

Where
his thethicknesof the plate
g is the poison ratio, and
b is the width of a strip of the plate.
The deck was idealized as a grillage, with the girders and diaphragms coinciding
with certan torsion beam members. Close spacingvben grillage members provides
accurate resultshut increasecomputational efforts. Ae optimum assembly results

form a compromise between accuracy, simplicity and efficiency.
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According to Jaeger andaRht (1982, the grillage analysifas become popular

because of the following reasons:

It can be used isases where the bridges exhitmplicating features such as a

heavy skew, edge stiffening and deep hunches over supports.

The representation of a bridge agrdlage is ideally suited to carrying out the

necessary calculations associated with analysis and design on digital computer.

The gillage representation is conduve to giving the designer an ided both

the structurabehaviourof the bridge and thenannerin which bridge loads

distributed and eventually taken to the supports.

In grillage design, the central intersection point load may be used as acasgst
loading condition, especially with a larger number of beams in each direstiong as
local collapse is prevented. But a point load may often move around on the grid system.
In such a case, the worst load point would not necessarily be at the central point. In this
case, the worst load point is located between intersectiorSuikget al,2001).

Recently, Gordon and May (2004), shedvthat under certain conditions, the
grillage analysis of slabs can give incorrect results, so that the uB&Mfwas
preferredin their study Grillage analysis was applied to 3lsaa square plate simply
supported on four sides; a rectangular plate simply supported on two sides; and a skew
plate simply supported on two sides. The results were compared with those obtained
using a FEM software package (LUSAS), and where availabith theoretical
solutions. In certain cases the grillage results exhibit significant errors, and the situation
was not improved by a local refinements. It was concluded that the use of finite element
method (FEM) is to be preferred, and that the use ofgthkage method should be

avoided.
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2.33 The Plate theory

The plate tkory is another method of analyg complex engineering problems
especially thin walled plate structures. This method involves the use of solution in the
form of simdtaneous differential equations of the fourth ord&8ome assumptiorere
made in the se of the plate theory enalysng thin walled structures.

From Fig.2.1, the assumptions are:
a. linear element of the plate extending through the glatkness normal to the
mid surface, ¥y plane, in the ustresged state, upon the application of load:
i. Undergoes at most a translation and a rotation with respect to the original
coordinate system.
ii. Remains normal to the deformedidaiie surface.
b. A plate resig lateral and irplane loads by bending, transverse slsé@ssgs, and
in-plane action, not through block like compression or tension irthilc&ness
direction. This assumption results from the fact that h/a << 1 and<hlb <

From @), the following implied:

C. A linear element through thtbicknessdoes not elongate or contract.
d. The linear element remains straight upon load application.
e. A normalstressn the direction normal to the mid surface is negligibly sraat

such can be discardeg@e. Q= 0).(Vinson, 1989).
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According to Murray (1986), flat plates which are stiffened to different degrees
in orthogonal directions (waffle slabs) behave like orthotropatep, the theory of
which was developed by Gening in 1860 and Boussinesq in 1879.

For transverse load Y, the governing equation is:

wiw wiw p
o+ 2H =4+ D,
1Y xpiz 1z

W—
=

D Y eeéee. 2.3

It was developed by Huber in 1914, dadbwnas t he AHuber s equati onc

Where:
D, =(El), /(1- u,u,) =average flexural rigidity of the stiffened plate under bending
moment, MXx.
D, =(El), /I(1- u,u,) = average flexural rigidity of thetifened plate under bending
moment, Mz.
H =1 (uD, +u,D, ) +2(Gl),,

2

2(Gl),, = H W | Mxz = average torsional rigidity =@%12
XMz
Ox0z = Poi s on 0 s-andatdirextionsn t he X
E =B( E modi fied Youngds modul us

G, ° E/2{l+ Juw,) =modified shear modulus.

Huber applied these egtions to the analysis of a reinforced concrete slab
stiffened byorthogonal ribs (waffle slabs).
Jamal (1998), when studying the effects of shear reinforcements in rib stiffened

(waffle) concrete slalusel the othotropic plate theory tanalysehe structures.
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This theory assumes that the orthotropy of the structures may be replaced by the
orthotropy of the constituent materig@lthough the actual structurddehaviourof a
stiffened slab cannot be entirely replaced by thfaan equivalent orthotropic slab,
previous theoretical and experimentalvestigations indicate good agreement (El
Sebakhly, 1979).

Abdul-Wahab and Khalil (20Q0tesed eight largescale (1/4scale) models of
reinforced concrete waffle slabs with varied rib spacing and rib depth to failure. The
results for the rigidities in the elastimcracked and elastoracked ranges were
compared with predicted values obtained from three different methods which included
the orthdropic plate theory. The theoretical analysis based on the conventional
orthotropic plate theory gave sdistory predictions but involvedan elaborate

procedure for determining the torsional rigidities.

2.4 ComputerPrograms

There have beedifferent computer programs that were developed by different
researcherfor the analysis of slabs of diffent shapes and configuratiohshas been
discowered that most of Hse prograns, exceptwery few, adopted thé-EM of analysis
of structures. Few fothese programare discused here especially those thate

applicable tahe analysis of waffle slabs.

2.4.1 Fortran 77
In their study of the determination of the optimum dimensions of waffle slabs for

medium size floors, Prasaet al (2005 adopted the computer program foridg
analysis, written in Fortrarv7 (Formula Translation) Before adopting the said

program, waffle slabwere considered as made of grid or grillage beams. The loads
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were distributed between longitudinal beams by bemdaind twisting of transverse
beams. The stiffness matrix is developed on the basis of writing joint equilibrium in
terms of stiffness cefficients andunknownjoint displacements. Straight members of
constant crossection were considered. The deformadiononsideredwere two
orthogonal rotations in the horizontal plane and a vertical deflection at each node.
Nodal displacements in the horizontal plane andtians along the vertical axis vee
not consideredkeeping in view that they didot significantly contribute to the
structuralbehaviourand hence we ignored.

The computer analysis resedtin determining the moment, shear force and
torsion for each of the elements and deflection and rotation about the two orthogonal

axes at ezh of the nodes.

2.42 SAP 2000

Structural Analysis Program (SAI another comger based prograrthatwas used
to analyze both steel and concrete structukeglelKarim and Mahmood2006) used
SAP 2000 program to analyze twaay ribbed simply spported rectangular waffle slab
models, supported on beams of diffier stiffnesses. The analysis wdsne to
determine the moment and shear distribution in the ribs and beams in each direction, to
study the effect of the panel aspect ratio and the b&#nesses on the distribution of
moment and shear in each reaction.

The modelwas a grid system and the ribsre®.5m apart in each direction. The
slab restd on four pin supports at the corners. The used load vikh§r8°. Theresults
of the analysis gee the shear force and moment values at each fjaint which the

load factors couldbe calculated using empirical equations such as:
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Ma= Cawil,’ /8 c6éé 2
Where
C,= moment load factor in certain direction.
W = uniform load per met square.
a = span length.

From theresults ofanalysis, it was discovatehat the distribution of moments
andshear in each direction dependadthe panel aspect ratio and the perimeter beam
stiffnesses. In actual fact, these factors depdrah the relative stiffnesses of the
perimeter beams to the slab or ribs stiffness®s not the absolute stiffnesses of the
beams.

The beam shedpad factors in each direction vee calculated by the shear
values in the beams from the resultstioé analysis using SAP 200@Rart of the
conclusion reached was th#te resuis of the research coultk used to calculate the
moments and shears in the perimeter beams and in the ribs in each direction for the
given aspect ratio; panel dimension; slaizckness and beams dimensions for a given
slab load.

2.4.3 Adapt Floor Program

This program also adopEEM for the analysis of waffle slab# was found to
be good for the analysiand desigrof posttensioned waffle slabs, in which iron rod is
replaced by cables that are under tension as istpgeed concretelesigr. The cables
were placed between the waffle ribs and held under tensiaiie wire mesh wa used

in the slab are@Adapt Technical Note, 2006).
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2.44 SAFIR Program

In his work onmembraneaction in fire exposed concretoor system, Lim(2003)

usal this programto analye slabs that are subjected to fire.
SAFIR is a nonlinear finite element program which was developed at the

University of Liege Belgium, and is based on an earlier program, CEFICOSS. It consists
of thermal ad structural analysis components integrated into a single progdraen.
thermal analysis component svased to determine the temperature distributidrfie
structural members which wee used in the structural ana
analysis capabties include 2D and 3D analysis of steel, concrete and composite

members and can account for geometrical and materidimearity.

2.45RCC Program

The Reinforced @ncreteCouncil (RCC) also developed a computer program that
adopted the Micradt excel packge to analye and design different civil engineering
structures based oBS 8110 andthe results of this program haween found to be
appropriate

2.4.6ETABS
ETABS is a program that can greatly enhance an engineer's analysis and design

capabilities for structures. Part of that power lies in an array of options andefeathe
other part lies on the sjplicity of its use.

The basic approach for using the program is very straightforward. The user
establishes grid lines, places structutajects relative to the grid lines using points, lines
and areas, and assigns loads and strakciproperties to those structural objec{&or

example, a line object can besaged section properties; a point olbjean be assigned
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spring propeies; an area object can be assigned slab or deck properties). Analysis and
design are then performed based onstnectural objects and theassignmentsResults
are generated in graphical mbular form that can be forwad to a printer or to a file

for usein other programqETABS User guide, 2005).

2.5The Yield Line Theory

Yield line theory is an ultimate load analysis. It establishes either the moments
in an element (e.g. a load) at the point of failure or at which an element wiVitldl
lines notonly signify the location of maximum principahoments Where yielding
occurs), but also the location of zesioears Gohnert, 2006)The shapes and locations
of Yield zone are affected by the support structures and their rigidity (€keak
2006).The theory gives a oservative estimate of strengthefguson, 1965)t may be
applied to many slabs both with and without bealtnsan deal with openings, holes,
irregular shapeand with any support conditiqifunmiaet al, 2006 Cheeet d 2008.
Yield Iine design is a pl ast elastic method o d :
(Kennedy and Goodchild2004)The technique requires the postulation of a
kinematicallyadmissible yieldine or fracture pattern from which the corresponding
collapse load is determined through the principle of virtual displacements (Ranbay

Johnson1997).

2.5.1 Energy dissipation
In order to calculate the loazhrrying capacity from an upper bound solution, the

energy dissipation has to kaown In yield line theory, it is the energy dissipated that
is used in the analysis of the slabs, because both the external energy and internal energy

dissipated must be considered
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GudmandHgyer (2003) calculatedissipation in a yield line ro the basis of
Coulomb yield condition for concreAne i n ofr ¢
effot was madé o eval uate the error madetropicsi ng Jo
rectangular slabs and it wésund that the method is sufficiently cortdor practical
purposes. Alsofor deflected slabs that afeelieval to have a high load carrying
capacity, it was assumed that the axis of rotation corresponds to the neutial axis
slab part and dissipation wdound from the moent capacities abotihese axesThe
Johansendés proposal was al so imshesdcases f i nd
He comparechis results with that of numerical calculations of the dissipatiod
generatd some numerical equations for energy dissipation in slabsedban
contribution from concrete and the reinforcements. Some of the equatioslsoave
below in conjunction withrigures 2.2, 2.and 2.4.

If the axes of rotation for two slab parts are not at the same depth measured
from the slab surfag the relative displacement discontinuity is no longer perpendicular
to the yield line. The angle between the displacement discontinuity and the yield line
changes with the depth from the slab surface and this must be taken into account when

calculating he dissipatior{Figure 2.2.
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Figure 2.2: Yield line from the angle of a slalf Source: GudmandHoyer 2003)
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2.5.2The contribution from the concrete:

The concrete contributn from the yield line wasalculated from the dissipation
formulas for planestress assuming a modified Coulomb material. Setting the tensile
strength of concrete to zero, the conitibn to the dissipation (per udgngth) from

the concrete wasalculated as:

7

2 Lt ua- sin@)dx 6ééé 25

WC: m

N

ubeing the relative displ aedsplacemanarrihe U
yield line, Figure 2.3

Butuand U a@he pwvbichds the depth from the top surface to the point
consideredu; andu, are the displacements dhb part | and Il, respectivelyu was

calculated as

u=.Ju?+u? +2u,u, cosw) 6ééé.26

The angle between the displacemenandyand
depending on whether they are positive or negative.

The relatioship betwee the two rotations about and Il were found from the
geometrical conditions demanding the same displacement at a point of yield line.

From Figure 2.4, theotations may be calculated: as
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w
M/I = —_—_
sin(w- v)

eéee.27
W
W =—
sin(v)
Here ¥ is the rotation of slab part |l ine abc

In the calalation of the displacement was assumed that the rotation is small and

the displacement may therefore be calculated apribauct ofrotationandthe heidnt.

The displacements uu; and u wagalculated as:

w ah  zg,
——a& - —oU

sin(w-v)gh h=+ 66666 28
Y __ 1 ah zg

hw sin(w-v)¢ch h=+

i

h W g 28y

sinv)¢h h=+ 6666 20
oo 1 gh 28

hw sinv)ch h=

uII -

45



Inserting (2.8) and (2.9) into (2.&ads to:

o ~2 o
w &h zoQ w &h, zaQ
J— + J— U
é%sm(w- v)geﬁ hgﬁ é%]sin(v)geh_ h9§
w &h  zo® w ah, z@
+ - = - —0RCOS
é%]sm(w- v)geﬁ h+x¢ sm(v)geh_ hgﬁc W
eéé2.10
aah  z68 &ah, z60 .ah  z@h,  z§
&' - “80 &e'- 80 2% - &' - “Gcosw)
u _Jlach h+p +@h h+(‘j+ ch hch h=+
ae|n(w v)0 aesm(v) 5 sin(w- v)sin(v)
¢ % -
The angle U varies and if the situation in w
i's considered, then U can be ce

wW>0& w> 0) : [

- u’ @ . . .
+v- Arcco% U, 88 eee21
¢ 2pu =

vOI@ ?gé)o

It is seen that the contribution to the dissipation from the concrete is a function of both

the position of the axis of rotation,ty, and h, the rotation ¥ and

strength f.. The dissipation may be calculated in a dimensionless form as:

We rfr (1- sin(a))dﬁ 666666 212

:rlc
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2.5.3 Contribution from r einforcement

GudmandHgyer went further to determine the contribution from the
reinforcement, based on Figure 2I5.the reinforcement is placed in a direction
perpendicular to the axis of rotation at a distance from the slab surface as shown in
Figure 2.5 the contribution fom the reinforcement to the dissipation per unit length

becomes:

W = W,COiW- V)(A§,||h' h, - h||+'°%|||h| ) hcl|)+ ,,,,,
eeeéeeéee 213
”/2C05/(V)(A§,|||h' hcll - h|||+&,|||h|| - hcll|)

Wh e r jea nd; are the rotations about axis | and Il, respectivélyese are

determined in Equation 2.6 and thgeession may be written as:

W, 1 8 h, h h h,|0
s — 1- L. 4+ F |- g+
uh?f_ tan(w-v)é%o" h h‘ “fh @
) 6éééé 214
SR
tan(v) g *"'h h|E

If the corner is rightangled the dissipation becomes:

VVS — & hcl hI 'hl hdg
szfc_tan(v)ég:o,ll'r'ﬁ“"':m T F9+ e e
' éééé .2
1 3 h, h h, h, |0
1- o e RATE -
tan(v)é%o"' h h‘ “"Th h|2

Finally, the resultdrom the theoretical equatiorgerivedwere compared with

those obtained frofaboratory test specimens, where some slabs were loaded to failure.
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It was discovered that the thedi®al load i carrying capacity was$oo high. This
phenomenon was ascribedth® fact that ancrete does not behave entirely according
to plastic theoryand areffectivenes$actorwas proposetb make theheory reliable

Beside the loagtarrying capacity,it was discovered that the deflection was
wrong. Not only wrag when i came to numacal value, but also when it canhe the
relationship between axial force and deflectiblowever,the canparison with test
results showedhat the theory developed may be used if the deflection at failure is
knownand a proper effgiveness factor is introduced. But if deflection at failure is not
known, a conservative siplified method, whictwill lead to a large underestimation
for low axial forceswas proposedthe nethodwastherefore recommendea$ rough

estimate.
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2.61sotropic and Orthotropic Slabs

The arrangement of reinforcements in slabs bgagen riseto both isotropic and
orthotropic slabs. An isotropic slab is ondlwihe same amount bbttom reinforcement
both ways.This is because the yield moments on both ways are equal, and by assuming
equal effective depththis type of slab is easy to deal with when using the yield line
analysis and design method. Orthotrogi@bs have different amounts of reinforcements
in the two directions; in this case, the yield moments in both axes are mutually
perpendicular to each oth@tilson, 1997 Buyukozturk, 2004)

According to Kennedy and Goodchild (2004), the analysisuchorthotropicslabs
can be done using the affine transformation. In thiagestronger direction is assumed to
have the moment capacity, M, and in the weaker direction the capacity of the slab is
assumed to be ¢ M. The v al ueelatiefamosnts iofs usual
reinforcement the designer wishes to use in the two direcflérvesuseo f wilt help to
transform the orthotropic slalg isotropic slabsnd can be treated as suapplyingall

the usual formulae and methods.

2.7 Definition of Upper Bound and Lower Bound Theorem

i. The lower bound of the true collapse load is that external load for which a
distribution of moments can be found satisfying the requirements of equilibrium and
boundary conditions so that the moments at anyitotati not exceed the yield moment.

il The upper bound of the true collapse load is that external load for which the

internal work done by the slab for anall increment of displacememd equal to the
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external work done by that external load foe tsame amount of small increment of
displacement.

Thus, the collapse load satisfying the lower bound theorem is always lower than
or equal to the true collapse load. On the other hand, the collapse load satisfying the
upper bound theorem &ways higher than or equal to the true collapse.ldbd yield
line analysis is an upper bound method in which the predicted failure load of a slab for
given moment of resistance (capacity) may be higher than the true value. Thus, the
solution of the uper bound method (yield line analysis) may result into unsafe design if
the lowest mechanism could not be chosen. However, it has been observed that the
prediction of the most probable true mechanism in slab is not difficult. Thus, the solution

is safe ad adequate in most of the cases (Kharagpur, 2009).

2.8 Differencein Load Distribution in Waffle Slabs and Solid Slals

Load distribution in waffle slabs and solid slabs are different due to the
orientationof these slak Waffle slabs havedilows in between the slabs, while solid
slabs haveno hollow in betweenThe arrangement of reinforcements in both slabs is
different as a result of the hollow in the waffle slabBsie to the arrangements of
reinforcement and the span ratio of solid slere is possibility for oneway slab,
however, waffle slabs donot have a ongvay slab because of the reinforcement
orientation and the presencgribs withintheslab. In a typical oneway slab, the floor
comprises beams spanning in one direction betwediimnis and a slab spanning
between them. The system is designaedneway slab because all losuth the slab
aretransferred primarily in ondirection (tothe beams)sincethe transverse slab span

is infinite.
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For a typical tweway sld, the floor comprises beams spanning both direstion
between columns, and a slab framing between the beams. The sysiesignated
two-way because, in a situation whéne aspect ratio of the slab has a value near unity,
the slab transfers load to theeams in two directions. This type of floor system is

generally quite efficient.

2.81 Load path designation in waffle slabs

In waffle slabs loads aretransferred from the slabs to the ribs and to the
perimeter beams. Abdédarim andMahmood (2006), when investigating the effect of
beam stiffnesses on the load distribution in waffle slabs, was able to discover that the
distribution of moments along the parallel ribs in the short and long directegands,
on the panel aspect ratithe relative stiffness of the slab ribs and on the beams on
which these ribs are supported.

From themodel analysiof slabs,using SAP2000, he following observations
were madelt was noticedthat, as the bearstiffness wa increased, the slar load
factor in the shortlirectionincreasd for a specified panel aspect ratiolsd, as the
panel aspect ratio waincreasedthe beam shear load factorcreasd in the short
direction and decreadén the long directionlt was also observed thatoments varied
in each direction along the panel width. It was seen eldge strip ribs hadarger
moments than the middle strip ribs foedms with small cross sectiom@gment of
inertia: stiffnesy and the middle strip ribs hddrger moments than the gl strip ribs
for larger beams cross section(moment of inertia: stiffnddshce, the ribs aye
different bending moments and shear forces in each direction as a result of varying

stiffnesses. The orientation and the amount efréinforcement providedegendedn
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the bending moments (the function of the reinforcements is to resist the bending

moment).

2.8.2 Load path designation in solid slabs
Reinforced concrete is very uniqueitrbehaviouy and this has made it popular

as constructiomaterial. Insolid slabs; at flexural failure, concrete slabs develop hinge
lines. A hinge linecauseamuch of the reinforcement passing through it to resist the
moment along it length, contributing to the safety of the.slab

Once a slab hasracked, the reinforcemedetermines the manner in whidhet
applied load is resisted; it ithe orientation and the amount of reinforcement that
govern the path that the load takes toghygports Aalami, 2005).

Prior to the calculation dhe design moments and shears, the first thing that must
be considered is to anticipate the load path, which set the orientation and position of the
reinforcementSivagamasundari and Kumara, 2008, opined ttiaimajor work of the
longitudinal reinforcemat is to provide flexural strength for the concrstab. For
example, in a soliwo-way slab, the function of the distribution bar is to distribute the
load from the sla to the bottom or main bar, whitee bottom bar will distribute the
load to the suports at the edges of the sldinththe distribution and main baare
designed for in this type of slalbhe amount of bending moment in each direction will
depend on the ratio of the two spans and the condition of restraint as@aobrt
(Mosley and Bingey 1990, while in oneway slab it is only the main bathat is
desigred although appropriate provision is made for distribution bar in this type of
slabh Top (torsion) reinforcementis provided at the supportsr edges of slabso

preventcracks agoncretds knownto be weak in tensio(BS 8110 1997%.
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CHAPTER THREE
METHODOLOGY

3.1 Preamble
Mathematical equations wemnputed intothe developedomputer program and

used toanalysedeveloped models, whileabic experimentationvas carried ait to
determine, the deflection, crack width and the ultimate failure of the various types of
slabmodesk.

3.2  Mathematical Formulation for the Experimental Studies

The bending moment formulzased on the yield line theory sveerivedas given
bdow. These formulae have been taken from the solutions given by Johansen in 1943
and 1968The solution below is for a ongay simply suppogdslab on two sides, using
the work method of analysis (Figure 3.1)
3.2.1Analysis of Slabs adopting Yield Line Tkeory

Assuming:
Internal work done, E = External work done, D

a(N2a)=8 (m12q)

23 n3%3w3%:23 m3|3q

Here, the length of the projected yield line, éntodhe axis of rotation is.
Al so d, equak/él/2t o Tan d = U

Therefore:
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Figure 3.1: Simplysupported oneway slab
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Rearranging

2/
m:m—é 6 éééé.

For two way slabs, the equation candeseloped using Fig 3.2, as follows,

(Kong and Evans, 1987):

Assuming the slab measures b and L.

E=D
a(Nsd)=3 (msL2q)

E = external energy.

e,, 1 1 4]
E= N9 lbal + Ina- 24)L

£ 3 2 20y
:NTbL(s-Za) c6e6é6e. 3. 2

D= internal energy.

Energy dissipation for yield line AE

eaL b/2g
=M + =%
/2 aLl

Energy dissipation for yield line EF
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Therefore, total energy dissipation for yielddhAE, DE, BF, CF, and EF

gal  bi2g, , (1- 2a)L

= 4m m
/2 aLl b/2

2
_2mA*2778)  where o = I/ b) 6666,
!/ a
Equating (3.2) and (3.3)
D=E
2
2m1+2/%a) NbLyg o
/ a 6
2 -
m=NL (3- 22)a cééé. . 3.4

12 1+2/%a

Equations 3.1 and 3.4 have been simplified by Kennedy and Goodchild (2004), to
accommodate different boundary conditions expeated slab. Equation 3.1 was
simplified to 3.5, while 3.4 became 3.6. Furthermore, equation 3.6 has been modified
in this work to equation 3.7, in order take care of the conservative nature of yield
line theory insolid slabs (Akinyele 2011) Equations3.5 and 3.7 were therefore

adopted irthe computer program in Tables 3.1, 3.2 and 3.3

nL?

R e Nen

eeéée. 3.5

58



"""

-(k+v) éeeeeéée. . 3.7

Where:

N = loadacting within a particular region (kN)

d = vertical displacement of the load N on each region expressed as a fraction of
Unity (m)

m = ultimate design moment of resistant for the slab (kNm)

L =length of slab (m)

d = rotation of the region about iits axis

n = the ultimate uniformly distributed load (kNjm

& = reduced short span dimension

b, = reduced long span dimension

k=isaconstant=1

v=is avariable =& 0.5

i = the fixity ratio at supports, e.q, i..

If : i;=1,=1, that support is a continuous support

And i; =i, = 0 that support is a simple support.
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Table 3.1: Template for the computer analysis and design of simplysupported

waffle slab adopting the yield line theory.

References Calculation/output

1 ANALYSIS AND DESIGN OF WAFFLE
SLABS USING THE YIELD LINE
THEORY

2 CODE BS. 8110 PARTS 11997.

3  Designed by: AKINYELE J.O

4 Simply supported on all Four Sides

5 Slab Long Span (ly) (m) 0.00

6  Slab Short Span (IxX) (m) 0.00

7 Rib Width (mm) 0.00

8  Distance between ribs on Long Span (m) 0.00

9 Distance bewveen ribs on Short Span (m)  0.00

10 Depth of Slab portion (mm) 0.00

11 Depth of ribs (mm) 0.00

12 Total depth of Slab  (mm) =SUM(H10,H11)

13 Effective depth of slab (mm) =H10-H29

14 Slab dead load (kN/fjn =H10*24*10"3*1.4
15 Imposed loadn Slab (kN/m) 0.00

16 Finishes and partition loads 0.00

17 Total load on slab (kN/fh = SUM(H14:H15:H16)
18 For discontinuous supports, fixity 0.00

19 For continuous supports on any side, fixity 1

20 Fixity ratio for short span left. | 0.00

21  Fixity ratio for long span bottom; | 0.00

22  Fixity ratio for short span right.s| 0.00

23 Fixity ratio for long span topul 0.00

24 Reduced side a =2*H6/(SQRT(1+H21)+SQRT(1+H23))
25 Reduced side b =2*H5/(SQRT(1+H20)+SQRT(1+H22))
26 Bendirg moment in slab (kNm) =1.0*-H17*H24*H25/(8*(1+(H25/H24)+(H24/H25)))
27

28 DESIGN

29 Cover to reinforcement (mm) 0.00

30 Concrete characteristic strength (N/fim 0.00

31 Steel characteristic strength (N/fm 0.00

32 Maximum leverarm factor 0.95
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33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

Maximum K-value

Moment M

K-value

Lever arm factor

Used Lever arm

Area of Steel (mf)

PROVIDE=

ANAL YSIS & DESIGN OF RIBS

Adopting Rankine Grashoff theory

Number of ribs on long span

Number of ribs on short span

Weight of slab (kN/rf)

Total load on slab (kN)

Weight of ribs kN/m

Total weight of ribs on long span (kN)

Total weight of ribs on short span (kN)

Total weight of Finishes (kN)

Total Live load (kN)

Total load on grid floor (kN)

Q= load per area (W2)

Denominator for Qx and Qy

Load sheared on short span Qx (kKYm

Load sheared on long span Qy (kNym

Moment on short span  Mx (kNm)

Moment on Long Span My (KNm)

Shear force on short span Vx (kN)

Shear force on long span  Vy (kN)
DESIGN

Steel characteristic strength (N/Mm

Short span design moment (kim

Cover to ribs

Effective depth of ribs

K-value

Lever arm factor

Used lever arm

Area of steel (mn)

PROVIDE

0.156

=H26*1.0E06
=H34/(H30*1.0E03*H13"2)
=0.5+SQRT(0.28435/0.9)
=MIN(H32,H36)
=H34/(0.95*H31*H37*H13)

0.00
0.00

=H17

=H44*H5*H6
=(H7*H11)*1.0E-06*24
=H42*H46*H5
=H43*H46*H6

=H5*H6*1.0

=H5*H6*1.5
=H45+HA47+H48+H49+H50
=H51/(H5*H6)
=SUM(H5"4,H6"4)
=H52%(H5"4/H53)
=H52%(H6"4/H53)
=(H54*H9*H62)/8
=(H55*H8*H5"2)/8
=(H54*H8*H6)/2
=(H55*H9*H5)/2

0.00

=H56*1.0E06

0.00

=H11-H63
=H62/(H30*H7*H64"2)
=0.5+SQRT(0.28465/0.9)
=MIN(H66,H32)
=H62/(0.95*H61*H67*H64)
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70
71
72
73
74
75
76

Long gan design moment (kNm)
K-value

Lever arm factors

Used laver arm

Area of steel (mf)

PROVIDE

END DESIGN

=H57*1.0E06
=H70/(H30*H7*H64"2)
=0.5+SQRT(0.28471/0.9)
=MIN(H72,H32)
H70/(0.95*H61*H73*H64)
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Table 3.2: Template for the computer analysis of simplysupported waffle slab

adopting theyield line theory (3 sides simplysupported)

References

Calculation / output

© 00 N O O b~ W N

NN NN NNRRRRER R R B B B
g BN W NP O © 0 N O o M W N B O

26

27

28

29

30

ANALYSIS AND DESIGN OF WAFFLE
SLAB USING THE YIELD LINE THEORY

CODE B.S. 8110 PRT 1 1997.
Designed by: Akinyele J.O
Supported on-3ides

Slab long Span (ly) (m)
Slab short Span (Ix) (m)
Depth of slab part  (mm)

Distance between ribs on long span (m)

Distance between ribs onatispan (m)
Rib width (mm)
Depth of ribs (mm)
Total depth of slab (mm)
Cover to reinforcements (mm)
Effective depth of slab (mm)
Slab Dead load (kN/fp
Slab Imposed load (kN/j
Finishes and Partition loads
Total load on Slab  (kN/fn
CASE1 =h+h, <b
Fixity for 1% short Span 4!
Fixity for supported long spas |
Fixity for 2" short spans|
Reduced span,b
K= redistribution

.h = factor to determine yield length
Bending moments in slab (kN.m)
CASE2 =h+th,=b

. b6 = di mensions

Bending moments in slab (kN.m)

Design

0.00
0.00

0.00

0.00

0.00

0.00

0.00

=SUM(H7,H11)

0.00

=H7-H13
=H7*24*10"-3*1.4
0.00

0.00
=SUM(H15:H16:H17)

0.00

0.00

0.00

=2*H5/(SQRT(1+H20)+SQRT(1+H22))
=2*H6/(3*H23)
=H6/H24+SQRT(H24"2+(H21+H23+H24/2*H6
+1)

=1.0¢(H18*H6*H23)/
8*(((H21*H23)/4*H6)+(H6/H25))

=2*HB/SQRT(1+H21)
=1.0/(H18*H23*H28)/
8*(1+(H28/H23)+(H23/H28))
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31
32
33
34
35
36
37
38
39
40
41
42
43

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

Concrete chracteristic strength
Steel characteristic strength
Maximum lever arm factor
Maximum K-value

Used bending moment
Moments M

K-value

Lever arm factor

Used laver arm

Area of steel (mR)

Provide

Analysis and design of ribs
ADOPTING RANKINE
THEORY

No of ribs on long span (ly)
No of ribs on short span (Ix)
Weight of slab  (kN/rf)

Total load on slab (kN)
Weight of ribs (kN/m)

Total weight of ribs on long span(kN)
Total weight of ribs on short span(kN)
Total weight of inishes (kN)

Total Live Load (kN)

Total load on grid floor (kN)

.q = load per area {in

Denominator for gx and qy

Load sheared on short span gx(kKym
Load sheared on long span qy (kKym
Moments on short span Mx (kNm)
Moments on long span My (kNm)
Shear force on short span Vx (kN)
Shear force on long span Vy (kN
Design

Steel characteristic strength (N/fm
Short span design moment (KNm)
Cover to ribs

Effective depth of ribs

GRASHOFF

0.00

0.00

0.95

0.156

=MAX(H26,H29)
H35*1.0E06
=H36/(H31*1.0E03*H14"2)
=0.5+SQRT0.25H37/0.9)
=MIN(H33,H38)
=H36/(0.95*H32*H39*H14)

0.00

0.00

=H18

=H46*H5*H6
=(H10*H11)*1.0E06*24
=H44*H48*H5
=H45*H48*H6
=H5*H6*1

=H5*H6*1.5
=H47+H49+H50+H51+H52
=H53/(H5*H6)
=SUM(H5"4,H6"4)
=H54*(H5"4/H55)
=H54*(H6"4/H55)
=(H56*H9*H6"2)/8
=(H57*H8*H5"2)/8
=(H56*H8*H6)/ 2
=(H57*H9*H5)/ 2

0.00
=H58*1.0E06
0.00
=H11-H65
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67
68
69
70
71
72
73
74
75
76
77
78

K-value

Lever arm factor
Used lever arm
Area of steel (mR)
Provide

Long span design moments (kNm)
k-value

Lever arm factor
Used lever arm
Area of steel (mRA)
Provide

END DESIGN

=H64/(H31*H10*H66"2)
=0.5+SQRT(0.28167/ 0.9)
=MIN(H33,H68)
=H64/(0.95*H63*H66*H69)

=H59*1.0E06
=H72/(H31*H10*H66"2)
=0.5+SQRT(0.28473/ 0..9)
=MIN(H74,H33)
=H72/(0.95*H63*H75*H66)
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Table 3.3: Template for computer analysis of waffle slabs, supported on twshort sides, adopting the

yield line theory.

References Calculation / output

1 ANALYSIS AND DESIGN OF WAFFLE SLAB
USING THE YIELD LINE THEORY

2 CODE B.S. 8110 PART 1 1997.

3 Designed by: Akinyele J.O

4 Simply supported on two sides

5 Slab long Span (ly) (m) 0.00

6 Slab short Span (Ix) (m) 0.00

7 Depthof slab part  (mm) 0.00

8 Distance between ribs on long span (m) 0.00

9 Distance between ribs on short span (m) 0.00

10  Rib width (mm) 0.00

11  Depth of ribs (mm) 0.00

12 Total depth of kb (mm) =SUM(H7,H11)

13 Cover to reinforcements (mm) 0.00

14 Effective depth of slab (mm) =H12-H13

15  Slab Dead load (kN/fn =H7*24*10"-3*1.4

16  Slab Imposed load (kN/ 0.00

17  Finishes and Partition loads 0.00

18  Total load on Slab (kN#?) =SUM(H15:H16:H17)

19  Fixity for 1% support | 0.00

20  Fixity for 2" support } 0.00

21 Bending moments in slab (kN.m) =H17*H5"2/(2*(((SQRT(1+ H19)) +
(SQRT(1+H20)))*2))

22 Design of slab

23  Concrete characteristic strength 0.00

24  Steel characteristic strength 0.00

25  Maximum lever arm factor 0.95

26 Maximum K-value 0.156

27  Moments M =H21*1.0E06

28  K-value =H27/(H23*1.0E03*H14"2)

29  Lever arm factor =0.5+SQRT(0.28428/ 0.9)

30 Used lever arm =MIN(H25,H29)

31  Area of steel (mr) =H27/(0.95*H24*H30*H14)

32 Provide
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33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

ANALYSIS & DESIGN OF RIBS
Adopting Rankine Grashoff theory
Number of ribs on long span
Number of ribs on short span
Weight of slab (kN/rf)
Total load on slab (kN)
Weight of ribs kN/m
Total weight of ribs on long span (kN)
Total weight of ribs on short span (kN)
Total weight of Finishes (kN)
Total Live load (kN)
Total loadon grid floor (kN)

Q= load per area (th
Denominator for Qx and Qy
Load sheared on short span Qx (kR¥Ym
Load sheared on long span Qy (kNYm
Moment e short span  Mx (KNm)
Moment on Long Span My (kNm)
Shear force on short span Vx (kN)
Shear force on long span  Vy (kN)

DESIGN

Steel characteristic strengt/mnv)
Short span design moment (KNm)
Cover to ribs
Effective depth of ribs
K-value
Lever arm factor
Used lever arm
Area of steel (mf)
PROVIDE
Long span design moment (KNm)
K-value
Lever arm factors
Used laver arm
Area of steel (mf)
PROVIDE
END DESIGN

0.00
0.00

=H18

=H37*H5*H6
=(H10*H11)*0.000001*24
=H35*H39*H5
=H36*H39*H6

=H5*H6*1

=H5*H6*1.6
=H38+H40+H41+H43+H42
=H44/(H5*H6)
=SUM(H5"4,H6"4)
=H45*(H5"4/H46)
=H45*(H6"4/H46)
=(HA7*H9*H6"2)/8
=(H48*H8*H5"2)/8
=(HA7*H8*H6)/2
=(H48*H9*H5)/2

0.0
=H49*1.0E06

0.00

=H11-H56
=H55/(H23*H10*H572)
=0.5+SQRT(0.28458/0.9)
=MIN(H59,H25)
=H55/(0.95*H54*H60*57)

=H50*1.0E06
=H63/(H23*H10*H57/2)
=0.5+SQRT(0.28464/0.9)
=MIN(H65,25)
=H63/(0.95*H54*H66*H57)

67



3.22 Analysisof ribs adopting the Rankine Grashoff Formulae
The Rankine Grashoff formulae weadopted for the analysis of the rib portiortiod

waffle slab, the formulae are very simple and tbegsidered both the bending morteen
and shear forces at the ribs which are designed as flanged sections. Thisefaverala
developed by Grashoff. (Krishna Raju, 1988).

The parameters for the equation are as follows;

- aand = are the spacing of the ribs on the short and long sppecatesly.

- =total load per unit area

- (uand g = the load shred on the short and long span respectively

- a = Shorter dimension of grid

- b = Longer dimension of grid

- My and M, are moments on the sher@nd long span ribs respectively

- Qx and Q are tle shear forces on the short and long span ribs respectively.

Grashoff equationwere derived as follows

ag,b,a’ @ a 20
M, =322 Bandm, =522 8 sseccees. 9
8 =2 8 =
¢ ¢
The shear force equation was given as shown below:
QX:S‘Q%Q ande:g}Q%bg 6666666, 3.10
- ('s: -
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3.3 Computer Program for the Analysis and Design of Waffle &b.
The computer progranYLRGT for the analysis and design of waffle slab was

developed adopting the Microsoft excel package. The complete tegiplatee program
areshown in Tables 3.1, 3.2 and 3.3

3.4 Materials
3.4.1 Concrete

Theordinay Portland cement wassed in the concretejixed with fineaggregate
(sand) and coarsmggregate (grare), the maximunsize of the granite was limited to
9.5 mm (3/8 in). This is because d@he small modelsised and narrow dimensions
between the sided the form work

The combind aggregate ere prepared based on the recommendation of BS
1881 Partl16;natural clean wat without contamination wassel in the concrete mix.
Water cement ratio of OMvasselected to achieve the requir2@8day concrete strength
of 20 N/mm?, as wasused in he casestudy;concrete samplewere takerfor the cube

test(BS 1881, 1971)

3.4.2 Reinforcement

The steefeinforcementsised in the case studyeve 2Y20mm for main rils, 2Y12
mm for minor ribs, ad Y10-200 mm c/c distribution steel ithe slab ér panels P1P5,
and for P3 (Figure 3.3),2Y16mm was adopted for the main riasd 2Y12mm for
minor ribs When ratio 1:4 was adopted for the modet, main reinforcemenbecame
1Y8 mm for the majorribs and 1 mm steel for the minor ribs, whilglain 2.5 mm
/D98 wire mesh wassed inthe $ab as distribution steel

For panels P2P4and P6 in the prototype2Y12 mm was used in theajor and

minor ribs respetively. And Y8200 mm c/c distribdion steel was used in the slab.
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Figure 3.3: Reinforcement arrangement for slab and ribsn waffle slab
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Adopting ratio 1:4, thenajor and minor ribs becanidR6 mm steel as main steel, while
2.5mnVD98 wire meslwasalsoadopted as distribution gtein our models. Thevires
were cut to sizes and cleaned from rust using metal brush, in such a way to keep the
bond force that will be developed between the niéee of concrete and steel. These
bond brces are essential to prevent slip from occurring at the interfaces (Nilson and

Winter, 199).

3.5 Description of the Specimens

A total of sixty modelsamples wereised for the expearent. Thirty samples
each wereused for the waffle andolid slabs rgsectively. These samples were
subjected to axial loads, fisamples per panel. Sixypesof panelswereused for each
of the waffle slabsand solid slabs respectivelyfable 3.4 shows the geometric
properties of waffle slab prototypes, \Wehirables 3.5 an@®.6 showthe scaled down
geometric description of the panel properties ofrtioeels for both the waffle and solid
slabs respectively.

Different supportconditions vere adopted for all thslabs. Slabs W1, W3, S1
and S3 weresupported orthe two short sides slabsW5, W6, S5 and S6 were all
supported on three sides. two short andne longsides while slabsi2, W4, S2 and
S4 weresupported orall the four sides. The reason for the different support conditions

is toapplyeccentric loading in the slabs.
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Table 34: Panel properties for a waffle slab prototype

Panel Length  Width Slab Rib width  Rib spacing  Rib spacing Slab rein- Longitudinal Transverse Ribs
No mm mm thickness (mm) long span Short span forcement Rib rein- reinforcement
mm (mm) (mm) (spacing forcement

P1 5415 1720 90* 80 1040 460 Y10/200mm 2Y20 2Y12
P2 3600 1200 50** 80 800 680 Y8/200mm 2Y10 1Y12
P3 4340 1720 90* 80 1000 460 Y10/200mm 1Y16 1Y12
P4 1636 1475 50** 80 760 1370 Y8/200mm 2Y10 1Y12
P5 5250 1200 90* 80 1280 560 Y10/200mm 2Y20 2Y12
P6 3280 1440 50** 80 1040 680 Y8/200mm 2Y10 1Y12

*T otal Waffle SlabThicknesswas 230 mm.
**To tal waffle SlabThicknesswas 200mm
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Table 35. Panel properties of the waffle models. (Scalé/)

Panel Length Width Slab Rib width Rib spacing Rib spacing Slab rein- Longitudinal Transverse Ribs

No mm mm thickness (mm) Long span short span forcement Rib rein- reinforcement
(mm) (mm) (mm) (spacing forcement

w1 1353 430 22.% 20 260 135 2.5/D98 1Y8 1R6

w2 900 300 12.5* 20 200 170 2.5/D98 1R6 1R6

W3 1085 430 22.5 20 250 135 2.5/D98 1R6 1R6

W4 407 364 12.5* 20 190 344 2.5/D98 1R6 1R6

W5 1312 300 22.% 20 320 140 2.5/D98 1Y8 1R6

W6 860 360 12.5* 20 260 170 2.5/D98 1R6 1R6

*T otal Waffle slabThicknesswas 58mm.

**Total Waffle slabThicknesswas 5 mm.
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Table 3.6. Panel properties of the solid slab models.

Panel Length Width Slab Slab Reinforcement
No (mm) (mm) thickness (spacing
(mm)

S1 1353 430 40 6R-75c/c

S2 900 300 40 6R-100c/c

S3 1085 430 40 6R-100c/c

S4 407 364 40 6R-100c/c

S5 1312 300 40 6R-75c/c

S6 860 360 40 6R-100c/c




3.5.1 Modelling of specimens
Theareas of reinforcements for the models wasained from equatiod.11, and

the equabn is derived below.
Adopting dimensionahnalysis (Rajput 1998 Bankole, 200Y.
Usingstresss relationship between the prototype and the model,

For Prototype.

Stressi = 1Or¢® =Mp.Lp™ T,7
Area
And for the Model.
Stressl = Force  _ Mm . L % T
rea

Where

M = Mass

L =length

T =Time

Subscrip}, and , are symbol for the prototype and model respectively.
Atscalel: 4
4. Mn.Ln ™ Tw? =1M,.Lp™ T,? ééééééécé. . i

Substituting Mass as a function of reinforcement unit weight in dimensions symbol,

Unit weight = weight/ Volume = 0
v 2T%= M. L
M 2F2 66 éleéélééé i

75



Substituting for M in equation

4. QL T)n Ln ™ T = LOAL®TH)Lp . T,? €éé¢é iili

From equation iii:

4 .nLE = plp 1. U
d,L,.1 L
Lm = eeééééeeeeece. . 11 3.
a. .4
But L, = Diameter of bars in the prototype
Ln = Diameter of bars in the model
U, = Charateristic strength ofteel used in the prototype
Un = Chaacteristic strength afteel used in the model

For example, the area of the steel reinforcementHermajor rib in panel P1 of the

prototype is as follows

2Y20 = 628mm?

But for the modeW1 using equation 3.1dbove
Lm = 410.20. 1 = 5mm
410. 4

Thebar size $5 mmdiameter 4rea=19.64 m?), and sincY20 was required from the
prototype hence, 2 N&& mm diameter bar will bebtained (area 39.27mm?). Since
there is no 5 mm diametbaravailablein the marketthen1Y8 bar (area®0 mm?) was

adoptedor themain rib of the modelv1.

For the solid slab models, the reinforcement was obtained as follows:
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The reinforcementi the prototypevas calculatedb be Y12 275mmc/c.
For panel S1,
L= 5415 mm total length

Hence, %:19
275

19 bars were used,
Totalarea of bars per lefty = 113 x19 =2147mm?

Atscale 1 4, arearequired =2147/ 4 =537mm?
Areaof 5mmbar =19.64mj, (sinceY12 will give 5mm bar from scale 1:4)
No of barrequred =537/19.64 =27
Since there is no 5mm availabtethe market
Adopt 6R- 75mm c/c. (377mmd).
Hence, Length of model = 1354mm

\ @=18.05 Say 19

75
19x 28.30 = 538mm?  area of bars required is O.K

3.6 Casting of Specimens

All specimens wereast in forms made of plywoodhe voids between the ribs
were madeby gluing Polystyrene blocks to the plywood form by following a marked
pattern on the plyood. Thereinforcement waghen placed between the Polystyrene
blocks in both directions. The reinforcemémtthe longer direction waglaced first on
small concrete block (biscuit) to keep i& mm from the bottom of the forms. This
provided for the minmum coverrequiredfor the steel. The ste@l the shorter direction

wasthen placed on the topf the reinforcement in the longer directiorotB layers of
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reinforcement were tietbgether with thin binding wire for stability during castingtio¢
concree. The wire mesh wagdacedand fixed properly.

The concrete was tharast, tamped and vibrated to prevent honey comb. After that,
the topsurface of the concreteas given a smooth final finish with the use ofnlda
trowel. All specimens wenmoist curel for 28 dayswhich helpedhe concrete to stabilize
its own propertiedike compressive strength and modulus of elastidity determine the
compressivestrength of the concretd50x 150 mm concrete cubesere caswith the
specimen. These cubes wambmerged in water for curingndcrushedat 7, 21 and 28

days(BS 1881, 1971)

3.7 Instrumentation

The deflectiors of the concrete specimens for the bending test megsured by
means of a digitadlial gauge with sensitity of 0.01mm. Thedial gauges were placed at
the topof the slab and held in place by the use of steel frame clamped on to the test
machine.The crack wilths were measured usingz@rnier caliperPlatel showedboth

the dial gauge and the vernier caliper.

3.8 Experimental Setup and Procedure
The slabs werkaded using Universal tensile testimgchine. The slabs wepéaced

on welded steeframe to give it agood support, and placed in between the loading
machine. The machindoader appliesheloads tothe slabs fronthe top.

Deflections of the slabs wenmeasured albad incremenbf 1 kN, and these were
doneduring the lading of the concrete specimerraCkwidths weremeasuredt failure

load Theaveragemean valuef the five results for each of the models samplesuses.
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The bending moments of each slabre obtained usinghe yield line theory formulae
(equatios 3.5 and 3.}.

Plates 1 and 2 showed the precast waffle and solid slatell stacked waiting
transportation to the boratory. Plate 3 showed the umkrsal tensile testing achine

while Plated4 showed theest arrangements in the machine.
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Plate 1:

Stacked slabs
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Plate 2 Some samples of waffle slab
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Plate 3 The Universal Tensile Testing Machingwith welded steel support for slabs
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Plate 4: Test arrangement fora slabsample
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3.9The Analysis of the Prototype
The Prototype was analysed by thellége analysisnethod which ismainly used

in the analysis of bridges.

In grillage analysis, the longitudinal members are arranged to represent the main
beams with the transverse members representing the deck slab and diaphragmlbeams
loadsareproportioned to the grillage membédtsngitudinal members onlygnd grillage
joints before the moments, shear and torsion are calculEtedoads arapplied to each
longitudinalmember as uniformly distributed loa@fShilds, 2008). Hencehe transerse
members are neglectad this analytical method. This method may not be riest
reliablefor the analysis of waffle slalieecause the transvensembers in the waffle slab
also carrysome proportion of loadshich shouldnot be neglected. This mightwve led
to some of the discrepancies observed in the laboratory results.

This study adoptedhe RankineGrashofftheory which accommodatetbading in both

the longitudinal and transverse members of the waffle slab.

3.10 Analysisof Data

With the experimental set ugbove, coupled with the equations, saagawere
generatd at the end of the work he resultobtained from both the waffldabs and the
solid slabs wereubjected to Descriptive statistics and analysisasfance(ANOVA).

Significant means wergeparated using least significalifference [SD).
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1  Structural Response of Specimens to Loads

Waffle slabs and solid slabs were simply supporteddeflectionwas
observed from the diglaugeimmediatelyloading startedThe crack emerged from the
middle of the slabwhere the lod was being appliednd extended toward theadledges
the crack width continued to expand urttile failure load was reache@he craks at the
surface of the slab werery small compared to thenes formedt the slab bottom.hiis
is as a result of the wkaess of concrete in tensi@sthe bottomparts of the slabs are
under tension.

Deflection and the extent of cracking of a reinforced concrete slab are highly
dependent on its support conditions, nonlinear and inelastic properties of concrete and the
surrounding structure (Gilbernd Guo, 2005)The initial loal at which deflectiorwas
observed, failurdoad and final deflectionare showedn Table 4.1,for example W1
started deflecting at 2 kN and the initial deflection was 0.10 mm, the final deflection was
1.19 mm at 18 kN failwr load,while the load at which the first crack was obsenwved
9 kN and the final crack width was 0.60 miat, a failure load of 18 kN. Table 4.2,
showed the initial and final loads for the crack width of other slalise final crack
patterns on the sladurface are showed in Plates 12. Each crack pattern for solid slabs
depends on the support condition and loading orientation, whereas the crack pattern in
waffle slabs did not show define pattern, Plate 13 showed the crushing of a waffle slab

ribs.
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Table 4.1: Deflection of slabs under load

Specimens Initial Load Failure load Initial deflection  Deflection
(kN) (KN) (mm) at failure load

(mm)

W1 2.00 18.00 0.10 1.19

W2 1.00 9.00 0.34 3.64

W3 4.00 12.00 1.11 3.90

w4 1.00 6.00 1.45 6.60

W5 1.00 8.00 1.44 8.17

W6 2.00 12.00 0.43 3.28

S1 2.00 12.00 0.73 3.56

S2 1.00 7.00 1.10 9.28

S3 2.00 14.00 0.71 7..44

S4 1.00 6.00 1.19 6.44

S5 1.00 6.00 2.14 12.18

S6 2.00 10.00 0.14 3.89
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Table 4.2: Crack properties of slabs under lod

Specimens Initial crack load Final crack load  Crack width Crack patterns

(kN) (kN) at failure

(mm)

w1l 9.00 18.00 0.60 Plate 5
W2 6.00 9.00 0.35 Plate 6
W3 6.00 12.00 0.34 -
w4 3.00 6.00 0.25 Plate 7
W5 4.00 8.00 0.75 Plate10
W6 7.00 12.00 0.62 -
S1 5.00 12.00 1.20 -
S2 2.00 7.00 0.75 Plate 8
S3 6.00 14.00 0.90 -
S4 2.00 6.00 0.70 Plate 9
S5 3.00 6.00 1.10 Plate 11
S6 4.00 10.00 1.30 Plate 12
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4.1.1General observation of structural response of specimens todd

Generally it was observed that the crack widths on all the waffle slabs were small
compared to the corresponding solid slabs. The crack patterns in the solid slabs were
more definite than those of waffle slabs.

This was due to the presence of ribs at tbi#édmn and was also responsible for the
small crack width and irregular crack pattern observed on the toping of the waffle slabs.
The ribs were in the tension zone and were subjected to direct tensile stresses, unlike the
solid slab where the bottom partswvaxposed directly to the tensile force.

In the waffle slabs, the ribs failed first before the slab portion started showing any
sign of distress. The dédrent crack patterns formed weas a result of the type of
support (boundary) conditions that baglab was exposed to. Appendices 39 to 50 show

details of the loads, deflections and crack widths of the slabs.

88



Plate 5 Crack pattern for waffle slab W1 supported on 2short sides
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